Abstract--In this paper, the numerical solutions of the problems of heat equation in two dimensions on unbounded domains are considered. For a given problem, we introduce an artificial boundary F to finite the computational domain. On the artificial boundary F, we propose an exact boundary condition to reduce the given problem to an initial-boundary problem of heat equation on the finite computational domain, which is equivalent to the original problem. Furthermore, a series of approximating artificial boundary conditions is given. Then the finite difference method and finite element method are used to solve the reduced problem on the finite computational domain. Finally, the numerical examples show the feasibility and effectiveness of the method given in this paper.
INTRODUCTION
The focus of this paper is heat problems on unbounded domains in two space dimensions. These kinds of problems come from heat transfer, fluid dynamics, finance, or other areas of applied mathematics. The integral equation method is one of the approaches to get the numerical solutions of these problems. Greengard and Lin [1] developed a new algorithm for solving the heat problems on unbounded domains several years ago. This algorithm is based on the evolution of the continuous spectrum of the solution. The new algorithm highly reduced the cost of evaluating heat potentials. We think that the appearance of this new algorithm will promote the spread of the integral equation method for solving the heat problems on unbounded domain. We also refer the reader to the work of Strain [2] , which related to the fast Gauss transform. On the other hand, the finite element method or finite difference method can be used to get the numerical solutions of these problems. In this case, we need to introduce an artificial boundary to finite the computational domain. On the artificial boundary, the appropriate artificial boundary condition *Current address: 205 Fine Hall, Department of Mathematics, Princeton University, NJ 08544, U.S.A. Emaih zhongyih©princeton, edu. This work was supported in part by the National Natural Science Foundation of China, the Climbing Program of National Key Project of Foundation of China.
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Typeset by fl, Jt&S-TEX PII: S0898-1221 (02)00180-3 is needed. Then the original problem is reduced to an initial-boundary problem of the heat equation on the finite computational domain. For the elliptic problems on unbounded domain, the methods of constructing the artificial boundary condition on a given artificial boundary have often been studied by many authors [3] [4] [5] [6] [7] , but for the parabolic problems on unbounded domain there are very few results on the artificial boundary condition. Givoli [8] studied the heat problems on unbounded domains, in which the author tries to get the DtN artificial boundary condition on the given artificial boundary and the numerical example was given only in the steady state case. Han and Huang [9] gave the exact artificial boundary conditions for the heat problems on unbounded domains in the one-dimensional case.
In this paper, we considered the problems of heat equations on unbounded domains in two space dimensions. We derived the exact artificial boundary condition on the given artificial boundary F. Namely, the relationship between (u, o~ ou ~'T]r is given, can ~7/)lr and We choose the first few items of the series of the artificial boundary condition, and therefore, we get a series of approximate problems of the original problem. Finally, three numerical examples show the feasibility and effectiveness of the given method. Consider the following initial-boundary value problem: Finally, we obtain the exact boundary condition on the artificial boundary I-':
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Furthermore, we take the first few terms of the above summation; we obtain a series of approximating artificial boundary conditions on F:
By the boundary conditions (2.45), the original problem (2.11-(2.41 is reduced to the following approximation problem: 
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NUMERICAL EXAMPLES
In order to demonstrate the effectiveness of the artificial boundary conditions given in this paper, three numerical examples are discussed. We use two kinds of numerical methods to solve these examples: FDM (finite difference method) and FEM (finite element method). EXAMPLE 1. Let us consider an initial-boundary problem on the domain out of a disc: After we introduce the artificial boundary Fb to bound the domain ~2 T = {(r, 0, t) I a < r < b, 0 < t < T}, we need only to solve problem (2.
46)-(2.49) with f(x,t) = 0 and uo(x) ---O.
First, we use the Crank-Nicholson difference scheme to solve problem (3.1)-(3.4). We divided the interval [0, T] into K equal parts: 
IZik+l,j 2Uk, j Jr" Uk-l,j -{-i+l,j We can approximate the integrals in (3.12) as follows:
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Furthermore, we know that when tk is very large. We can make some tables for functions Hn(t)/v/t (n = O, 1,..., N) first. Thus, it is easy to get the integrals in (3.17) by numerical integration. Certainly, it is a disadvantage of our method in this paper that the integral kernels do not decay fast. In our following paper, we will give another method to overcome this disadvantage.
For different/, we have the results in the second column of Nl (b, 8) ,..., Nz(b, 8) ). There is the similar problem as in FDM. We need to truncate those integrals in C(c~, (~') when t is very large. After we use a finite difference method to solve problem (3.25), then we can get the results shown in the third column of Table 1 . In Figure 1 We also introduce an artificial boundary Fb = {(x,t) [ x = b, t E [0,T]} and let b = 3; we use a similar procedure to that in Example 1 for different choices of N--the order of the artificial boundary condition in (2.45). Then we can get the results shown in Table 3 . In Figure 3 
CONCLUSION
Here we provide a kind of exact artificial boundary condition for the numerical solution of heat problems on an unbounded domain in two space dimensions. After we introduce an artificial boundary, we get a initial-boundary problem on a finite domain enclosed by the artificial boundary which is equivalent to the original problem. In addition, we get the exact artificial boundary condition and a series of approximation artificial boundary conditions. From the numerical examples, we find that we can get good numerical solutions using our exact artificial boundary conditions whenever we use FEM or FDM.
